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Abstract
Formulae for the matrix element squared of the process eγ → eγ with all four
particles polarized are obtained using REDUCE.
Polarization effects in the quantum electrodynamics process eγ → eγ were considered
in many works [1,2,3,4,5], but formulae with all four particles polarized are absent in the
available literature. These polarization effects are important for the proposed conversion of
high energy electron beams to photon beams that will allow to obtain eγ and γγ colliders
on the basis of the future linear e−e+ colliders [2]. Here I obtain a complete set of formulae
in covariant notations using REDUCE [6]. I follow the method of [1].
Let the electron mass m = 1; it will be restored in the final answers by dimension. The
momenta are p+ k = p′+ k′; x = s− 1, y = 1− u; s = (p+ k)2, u = (p− k′)2. The matrix
element squared is [1]
|M |2 = 64π2α2ρ′ρµρνσ Tr ρ′
Qµν
xy
ρ
Qρσ
xy
,
Qµν
xy
=
γµ(pˆ+ kˆ + 1)γν
x
− γν(pˆ− kˆ
′ + 1)γµ
y
.
(1)
It is convenient to use the basis
n0 =
K
v
, n1 =
q
v
, n2 =
v
2w
P⊥ , n3µ = − 1
2vw
εµαβγKαqβPγ , (2)
where K = k + k′, q = k′ − k = p − p′, P⊥ = P − PKK2 K, P = p + p′; v =
√
x− y,
w =
√
xy − x+ y;
p =
1
v
(
x+ y
2
n0 +
x− y
2
n1 + wn2
)
,
p′ =
1
v
(
x+ y
2
n0 − x− y
2
n1 + wn2
)
,
k =
v
2
(n0 − n1) , k′ = v
2
(n0 + n1) .
(3)
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The vectors ~n1, ~n2, ~n3 form a right-handed system.
The vectors n2, n3 can be used as polarization vectors (in the scattering plane and
perpendicular to it) of both photons. For the final photon, the vectors ~n2, ~n3, ~k
′ form a
right-handed system (in the K rest frame); therefore its density matrix is expressed via
the Stokes parameters ξ′j in the standard way: ρ
′
µν =
1
2
∑
ξ′jσjµν , where ξ
(′)
0 = 1 have been
formally introduced, and
σ0µν = n2µn2ν + n3µn3ν , σ1µν = n2µn3ν + n3µn2ν ,
σ2µν = −i(n2µn3ν − n3µn2ν) , σ3µν = n2µn2ν − n3µn3ν .
(4)
For the initial photon, the right-handed system is ~n2, −~n3, ~k. Therefore ρµν = 12
∑
j δjξjσjµν ,
where δ0 = δ3 = 1, δ1 = δ2 = −1.
The tensor Qµν in the n2–n3 plane also can be expanded in σ-matrices:
Qµν =
∑
k
Qkσkµν , Qk =
1
2
Qµνσkνµ ,
Qµν
xy
= −w
v
(
γµγ2γν
x
− γνγ2γµ
y
)
+
γµγ0γν − γνγ0γµ
v
+
γµγν
x
− γνγµ
y
.
(5)
Using the Dirac equation, we obtain
Q0 = x− y , Q1 = −i(x− y)γ5Kˆ/2 ,
Q2 = −(x− y)γ5 , Q3 = x− y − (x+ y)Kˆ/2 .
(6)
The conjugate tensor Qµν =
∑
k δkQkσkνµ, because Qk = δkQk, σ
∗
kµν = σkνµ.
The initial and final electron density matrices are ρ(′) = 1
2
(pˆ(′) + 1)(1 − γ5aˆ(′)). Let’s
introduce two bases
e0 = p , e1 = p− 2
x
k , e2 =
w
x
(n0 − n1) + n2 , e3 = n3 ;
e′0 = p
′ , e′1 = p
′ − 2
x
k′ , e′2 = −
w
x
(n0 + n1)− n2 , e′3 = n3 .
(7)
Then a(′) =
∑
i ζ
(′)
i e
(′)
i , where ζ1 is the longitudinal polarization, ζ2 is the transverse po-
larization in the scattering plane, and ζ3 is the transverse polarization perpendicular to
this plane. Introducing formally ζ
(′)
0 = 1, we have ρ
(′) = 1
2
∑
i ζ
(′)
i ρ
(′)
i , where ρ
(′)
0 = pˆ
(′) + 1,
ρ
(′)
i = −ρ(′)0 γ5eˆ(′)i .
Finally, the cross section with the polarizations of all particles is
dσ
dy dϕ
=
α2
m2x4y2
∑
ii′jj′
F i
′j′
ij ζiξjζ
′
i′ξ
′
j′ , (8)
where
F i
′j′
ij =
∑
kk′
δjδk′
1
2
Tr σj′σkσjσk′
1
4
Tr ρ′i′QkρiQk′ (9)
2
(the right-hand side depends on ϕ because the polarizations are defined relative to the
scattering plane). The cross section summed over the final particles’ polarizations is
dσ
dy dϕ
=
α2
m2x4y2
F , F =
∑
ij
F 00ij ζiξj . (10)
The final particles’ polarizations are
ζ ′i′ =
1
F
∑
ij
F i
′0
ij ζiξj , ξ
′
j′ =
1
F
∑
ij
F 0j
′
ij ζiξj . (11)
The components F i
′j′
ij with i
′ 6= 0 and j′ 6= 0 describe the correlation of the final particles’
polarizations.
I have calculated F i
′j′
ij using REDUCE. It is convenient to express all vectors via the
basis (2).1 I used the package RLFI by R. Liska from the REDUCE library [6] to produce
the LATEX source of the result. All nonzero components F
i′j′
ij are presented in the Appendix.
I am grateful to I. F. Ginzburg, G. L. Kotkin, S. I. Polityko, and V. G. Serbo for useful
discussions.
Appendix
F 0000 = F
33
33 = x
3y − 4x2y + 4x2 + xy3 + 4xy2 − 8xy + 4y2
F 0300 = F
00
03 = F
33
30 = F
30
33 = −4v2w2
F 1200 = F
00
12 = F
33
21 = F
21
33 = (xy − 2x+ 2y) (x+ y) v2
F 2200 = F
31
02 = F
33
11 = −F 0022 = −F 0231 = −F 1133 = −2v3wy
F 0101 = F
32
32 = 2xy (xy − 2x+ 2y)
F 3201 = F
22
03 = F
30
11 = −F 0322 = −F 1130 = −F 0132 = 2v3wx
F 0202 = F
31
31 =
(
x2 + y2
)
(xy − 2x+ 2y)
F 1002 = F
02
10 = −F 3123 = −F 2331 = v2
(
x3y + x2y2 − 4x2y + 4x2 + 4xy2 − 8xy + 4y2) /x
F 1302 = F
02
13 = −F 3120 = −F 2031 = −4v4w2/x
F 2002 = F
23
02 = −F 3110 = −F 3113 = −F 0220 = −F 0223 = F 1031 = F 1331 = 2v3w (−xy + 2x− 2y) /x
F 0303 = F
30
30 = 2
(
x2y2 − 2x2y + 2x2 + 2xy2 − 4xy + 2y2)
F 1010 = F
23
23 =
(
x4 + x2y2 − 4x2y + 4x2 + 4xy2 − 8xy + 4y2) (xy − 2x+ 2y) /x2
F 1310 = F
10
13 = F
23
20 = F
20
23 = 4v
2w2 (−xy + 2x− 2y) /x2
F 2010 = F
23
13 = −F 1020 = −F 1323 = 2vw
(−x3y − x2y2 + 4x2y − 4x2 − 4xy2 + 8xy − 4y2) /x2
F 2310 = −F 1023 = 2v3w
(
x2y + 4xy − 4x+ 4y) /x2
1It is natural to introduce a unit spacelike vector n by mass n=i; mshell n; The current version of
REDUCE (3.4.1) returns n.n as i2. I am grateful to A. C. Hearn for sending the patch to fix this bug.
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F 1111 = F
22
22 = 2
(
x3y2 − 2x3y + 2x3 − 2x2y + 2xy3 − 2xy2 + 2y3) /x
F 2111 = F
22
12 = −F 1121 = −F 1222 = −2 (xy − 2x+ 2y) (x+ y) vw/x
F 1212 = F
21
21 =
(
x4y − 4x3y + 4x3 + x2y3 − 4x2y + 4xy3 − 4xy2 + 4y3) /x
F 1313 = F
20
20 = 2
(
x3y − 2x2y + 2x2 + 2xy2 − 4xy + 2y2) (xy − 2x+ 2y) /x2
F 2013 = −F 1320 = 2v3w
(
x3 + 4xy − 4x+ 4y) /x2
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